This paper is concerned with the problem of distributed fault estimation for time-varying multiagent systems (MASs) with sensor faults and partially decoupled disturbances. An augmented system is constructed where the augmented state vector contains system states and sensor faults, and assumptions on the fault are not necessary. By using the information of adjacent agents, an unknown input observer (UIO) for the ith agent can be designed to decouple the disturbances as much as possible and attenuate the influence from the disturbances that cannot be decoupled. The desired parameters of the UIO can be derived via solving recursive linear matrix inequalities over a finite horizon. Finally, a numerical example is provided to illustrate the effectiveness of the obtained results.
I. INTRODUCTION
The past decade has witnessed an ever-increasing research interest in multi-agent systems (MASs) due to their applications in many fields such as multi-robot systems, satellite formation control, mobile ad hoc networks, and geological exploration [1] - [6] . Since the agents exchange information with each other, one of the important problems for MASs is the consensus control whose aim is to design a controller for each agent based on the information of its neighbors such that all agents reach some common characteristics [7] - [11] . Due to MASs usually work in the complex/harsh environments, faults would take place in each agent and may disturb and even destroy the consensus of MASs. In contrast to component faults and actuator faults, it is more significant to deal with the sensor faults for MASs [13] , [14] . Since the consensus control protocol is usually designed based on the relative measurements of adjacent agents, the sensor fault of one agent will affect not only this agent itself but also its neighbor nodes.
With hope to guarantee reliable and safe operations of MASs, the problem of distributed fault detection and design The associate editor coordinating the review of this manuscript and approving it for publication was Xudong Zhao . of accommodation schemes have attracted much research attention and lots of results have been reported in the recent literature [15] - [18] . For example, the problems of fault detection and consensus control were addressed simultaneously in [16] for linear MASs by resorting to H ∞ /H − criterion. Moreover, the problem of fault estimation has long been one of the foundational research problems in fault diagnosis since it can offer the shape and size of the fault [19] - [23] . In [19] , the design of distributed fault estimation observer was studied for MASs with switch topologies by using an average dwelltime-based approach. In the context of fault estimation, it is usually assume that the energy of the fault is bounded [19] or the ith-order derivative of the fault is zero [20] . However, it is difficult to derive the information of the fault in practical application due to the complexity of systems. Therefore, it is necessary to address the distributed fault estimation issue for MASs when the information of the fault is unknown.
In reality, the dynamics of the individual agent in MASs is inevitably disturbed by external disturbances which may degrade the performance of fault estimation. Consequently, increasing research attention has been devoted to the analysis/synthesis issues to mitigate the influence from disturbances onto the fault estimation procedure [22] - [27] . VOLUME 7, 2019 This work is licensed under a Creative Commons Attribution 4.0 License. For more information, see http://creativecommons.org/licenses/by/4.0/ For instance, the H ∞ fault estimation problem was handled in [23] for stochastic time-varying systems with fading channels and randomly occurring faults, and the influence from disturbances onto estimation errors was attenuated below a given level. Another effective approach to eliminate the effects of disturbances is the so-called unknown input observer (UIO) technique, which can decouple disturbances from the residual signals [28] - [30] . Since it is difficult for UIO to decouple all the disturbances completely, some references considered the case that disturbances can be partially decoupled [20] , [31] , [32] . In [20] , the problem of fault estimation was dealt with for systems with partially decoupled disturbances by using the UIO technique. On the other hand, the parameters of systems may be changeable with time owing to mutative working conditions and, accordingly, the fault estimation for time-varying systems over a finite horizon has begun to attract some initial research interest [23] , [33] - [35] . Nevertheless, in spite of its theoretical importance and practical significance, the literature review reveals that the corresponding results on distributed fault estimation problem for time-varying MASs have been very few, which motivate us to fill such a gap.
In this paper, we aim to deal with the distributed fault estimation problem for time-varying MASs with sensor faults and partially decoupled disturbances. The main contributions of this paper are highlighted as follows. 1) The distributed fault estimation problem is investigated for time-varying MASs with sensor faults over a finite horizon. Compared with component faults or actuator faults, sensor faults are more difficult to deal with especially for MASs. 2) A time-varying UIO is proposed to decouple the external disturbances as much as possible and attenuate the influence of disturbances which cannot be decoupled on the performance of fault estimation below a given level. 3 
) The parameters of the UIO can be calculated by solving the recursive linear matrix inequalities (RLMIs), which is suitable for online applications.
Notations: In this paper, R n is the set of all real n-dimensional vectors and R m×n is the set of all m × n real matrices. A > 0 (A ≥ 0) denotes that A is a real symmetric positive definite (positive semidefinite) matrix. A T denotes the transpose of a matrix A, and A † ∈ R n×m describes the Moore-Penrose pseudo inverse of A ∈ R m×n . A ⊗ B denotes the Kronecker product of two matrices A and B. * in a matrix implies the term induced by symmetry. x describes the Euclidean norm of a vector x. I denotes the identity matrix with compatible dimension.
II. PROBLEM FORMULATION AND PRELIMINARIES
The communication topology among the N agents is represented by an undirected graph G = {V, E, A}, where V = {V 1 , V 2 , · · · , V M } means the set of agents, and E ⊆ V × V denotes the set of undirected edges. A = [a ij ] ∈ R M ×M is the adjacency weighted matrix with non-negative elements a ij satisfying a ij > 0 ⇔ (V i , V j ) ∈ E, which implies that agents V i and V j can exchange information from each other. A is a symmetric matrix with a ij = 1 (if (i, j) ∈ E) and a ij = 0 (otherwise) in the graph G.
Consider a time-varying MAS with M agents where the dynamics of the i-th agent is given by the following model: 
. Assume that d i,1 (k) is unknown and can be decoupled, and D 1 (k), k ∈ [0, N] is of full column rank. Moreover, the d i,2 (k) and v i (k) are supposed to be square summable. By using the relative output feedback, the consensus control protocol of the agent i is as follows
where k ∈ [0, N ], i = 1, 2, . . . , M , and K (k) ∈ R p×q represents the known controller gain. (1) can be rewritten as the following singular system
In this paper, the following unknown input observer (UIO) is designed for system (3):
is called the innovation of the i-th agent. The matrices M (k), T (k), J (k), Q(k) and R(k) are parameters to be determined. Remark 1: Since each agent has access to the measurements relative to its adjacent agents, the control protocol (2) is designed based on the relative output feedback. In a similar way, not only the input and output, but also the innovations of neighbor nodes of the i-th agent are used in the design of the observer (4). By using the observer (4), the unknown input d i,1 (k) can be decoupled from the estimation error.
Remark 2: In most fault estimation studies, it is assumed that the fault is energy-bounded [19] , the dynamic characteristics of the fault is known [23] or the ith-order derivative of the fault is zero [20] . These assumptions are, unfortunately, not always true in practical systems. In this paper, an augmented state vector is constructed, which contains the system state and the sensor fault. By doing so, the augmented system can be described in a singular form, and no information of the fault is needed.
Denote
By utilizing the matrix Kronecker product, the MAS (3), control protocol (2) and UIO (4) can be respectively written as
and
Set e(k) = ξ (k) −ξ (k),
and the estimation error system will be given in the next section. The aim of this paper is to deal with the problems of distributed fault estimation and accommodation for time-varying MAS with sensor faults. Specifically, we need to design the observer (4) for the MAS (3) by using the relative information of adjacent agents such that the following requirements are achieved: (i) The unknown input d 1 (k) can be completely decoupled from the estimation error e(k + 1).
(ii) For given disturbance attenuation level γ > 0 and positive definite matrix > 0, the finite-horizon
is satisfied for all non-zero δ(k + 1) and non-zero initial condition e(0). Moreover, based on the estimation of the fault provided by the observer, the fault is accommodated, and the control protocol is reconfigured such that the H ∞ performance constraint of the estimation error system can be still satisfied when sensor faults occur.
III. MAIN RESULTS
In this section, the following theorem is first derived for the existence of the UIO under which d 1 (k) can be decoupled from e(k + 1).
Theorem 1: Considering the UIO (7) for system (5), the unknown input d 1 (k) can be completely decoupled from the estimation error e(k + 1), if there exists a sequence of matrices X (k), k ∈ [0, N ] satisfying following time-varying equations:
Proof: According to (5), (7) , the estimation error system is
From (9) and (5), equation (14) can be written as e(k + 1)
Considering (10)- (12), one has e(k + 1)
It follows (5), (7) and (13) 
which is independent of d 1 (k), and the proof is complete. Setting
and according to the definition of δ(k + 1), (17) can be written as
In the following theorem, a sufficient condition is derived to guarantee that the estimation error system (19) 
where
Proof: Choose the auxiliary function as follows
where P(k) > 0, k ∈ [0, N +1] are matrices to be determined. From (19) , one has
= e T (k) 11 (k) − I M ⊗ P(k) e(k) + 2e T (k) 12 (k)δ(k + 1)
where 11 ⊗ P(k + 1) ), 23 (k) = T (k + 1)(I M ⊗ P(k + 1)). Considering M (k) in (12) and (k + 1) in (18) , the inequality (25) can be written in the form of (20) , which implies
From (23), one has
if the condition (20) holds. Taking the sum on both sides of (26) from 0 to N yields N k=0 e T (k)e(k) − γ 2 δ T (k + 1)δ(k + 1)
Considering the fact V (0) ≤ γ 2 e T (0) e(0) from (21) and
which is equivalent to (8) , and the proof is complete.
Based on the above analysis results, the parameters of UIO (4) can be calculated by the following theorem.
Theorem 3: Given scalar γ > 0 and matrix > 0, the unknown input is decoupled from the estimation error and the system (19) 
where 1) . Furthermore, if the above RLMIs are feasible, we have
and the parameters M (k), T (k), J (k), and R(k) for UIO (4) can be derived recursively by (11)- (13) . Proof: The equalities (9) and (10) can be written as
According to [30] , (33) is solvable if rank(W (k + 1)) = rank Ē C(k + 1) + rank(D 1 (k)). (34) Under the condition (34), the equation (33) has the following solution
where S(k + 1) denotes the extra degree of freedom for designing the parameters of UIO. Set Substituting (36) and (37) into (20) , and letting Y S (k + 1) = S T (k + 1)P(k + 1), Y Q (k + 1) = Q T (k)P(k + 1), one has the RLMI (29) . Based on the results in Theorems 1 and 2, Theorem 3 can be proved. From (31) and (32) , S(k + 1) and Q(k) can be derived, then X (k +1) and R(k +1) can be calculated by using (36) and (37), respectively. Moreover, the parameters T (k), M (k), J (k) can be recursively computed by solving (11)-(13), respectively. The proof is complete.
Remark 3: Since the conditions in Theorem 3 contains the operation of Kronecker product, the large size of the MAS will lead to huge computational burden. This problem can be solved by using the method proposed in [12] , which can reduce the computation complexity of conditions in Theorem 3 by only checking two cases rather than M − 1 cases in MASs with M agents.
Remark 4: In Theorem 3, the UIO (4) is designed such that the augmented state ξ (k) in (5) can be estimated. Then, a fault accommodation method can be proposed, and the following fault-tolerant control (FTC) scheme is designed 
is the estimation of the sensor fault which can be derived fromξ (k) in (7) .
IV. NUMERICAL EXAMPLE
In this section, a simulation example is provided to validate the effectiveness of the proposed method. Consider a network of ten agents whose topology is denoted by an undirected communication graph G shown in Fig. 1 . 
By choosing γ = √ 5, = diag{2, 2, 2} and the time horizon N = 100, the RLMI (29) can be solved recursively, and the parameters of the UIO (4) are listed in Table 1 .
The initial values x i (0), (i = 1, 2, · · · , 10) are set to obey the uniform distribution over [−5.0, 10.0], and the unknown inputs d i,1 (k), (i = 1, 2, · · · , 10) are chosen as a sequence of stochastic variables which obey uniform distribution over [−0.2 0.2]. The external disturbances d i,2 (k) and measurement noises v i (k) are set to [d 1,2 (k), · · · , d 10,2 (k)] T = 0.01[sin k, sin 2k, sin 3k, sin 4k, sin 2k, sin 3k, sin 4k, sin 2k, sin 3k, sin 4k] T , [v 1 (k), · · · , v 10 (k)] T = 0.02 e −0.1k [sin k, sin 2k, sin 4k, sin 3k, sin 2k, sin k, sin 3k, sin 4k, sin 3k, sin 3k] T , respectively. Two cases of sensor faults will be considered in this example. In Case I, the constant sensor fault occurs in the 1st agent and is selected to be
In Case II, the ramp sensor fault occurs in the 5th agent and is chosen as The actual sensor fault and its estimate in Case I and Case II are respectively shown in Figs. 2 and 3 , which indicate that the proposed UIO can estimate the sensor fault well. Moreover, it can be found that the sensor fault occurs in the 1st and 5th agent in Case I and Case II, respectively.
representing the sth state of the agent x i (k), i = 1, 2, · · · , M . Fig. 4 shows the states of the MAS using controller without FTC scheme in Case I, and it is obvious that there are persistent deviations among the states of different agents after the occurrence of the sensor fault in the 1st agent. The states of agents with the FTC scheme in Case I are depicted by Fig. 5 , from which it can be seen that the MAS still reaches the consensus after the occurrence of the fault.
Remark 5: From Fig. 4 , it can be found that the fault occurred in the 1st agent not only changes the states of itself, but also affects the states of its neighborhood (the 2nd and 4th agents). Then, it implies that the influence of the fault would be transmitted through the information exchange between agents in the MASs. As shown in Fig. 2 , the sensor fault can be estimated accurately and the agent where the fault occurs can also be located by using the proposed UIO (4). Based on the estimation of fault, the FTC scheme (38) can be constructed and the effectiveness of the FTC is shown Fig. 5 .
In Case II, the states of the MAS without FTC scheme are described by Fig. 6 . Compared with Case I, more agents's states deviate from the original states in Case II, due to the fact that the sensor fault occurs in the 5th agent which has more neighbor agents than the 1st agent. Fig. 7 illustrates the states of agents with the FTC scheme in Case II, and it shows that the FTC scheme performs very well. 
V. CONCLUSION
In this paper, the distributed fault estimation problem has been studied for MASs with sensor faults and partially decoupled disturbances. By resorting to the information of neighbor nodes, an UIO for the ith agent has been designed such that partially disturbances are decoupled and the effects of the remaining disturbances are reduced. In order to calculate the parameters of the UIO, an iterative method has been proposed by solving the RLMIs over a finite horizon. Finally, a numerical example has been provided to highlight the usefulness of the developed method. Further research topics include the extension of our results to MASs with time-varying network topology.
